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a b s t r a c t
The problem of blood flow through a narrow catheterized artery with an axially
nonsymmetrical stenosis has been investigated. Blood is represented by a two-phase
macroscopic model, i.e., a suspension of erythrocytes (red cells) in plasma (Newtonian
fluid). The coupled differential equations for both fluid (plasma) and particle (erythrocyte)
phases have been solved and the expression for the flow characteristics, namely, the flow
rate, the impedance (resistance to flow), the wall shear stress and the shear stress at
the stenosis throat have been derived. It is found that the impedance increases with the
catheter size, the hematocrit and the stenosis size (height and length) but decreases with
the shape parameter. A significant increase in the magnitude of the impedance and the
wall shear stress occurs even for a small increase in the catheter size. The flow resistance
increases and the shear stress at the stenosis throat decreases with the increasing catheter
size and assume an asymptotic value at about the catheter size half of the artery size.
© 2009 Elsevier Ltd. All rights reserved.
1. Introduction
The use of catheters is of immense importance and has become a standard tool for diagnosis and treatment in modern
medicine. Transducers attached to catheters are of great use in clinical works and the technique is used for measuring blood
pressure and othermechanical properties in arteries. A catheter is composed of polyester based thermoplastic polyurethane,
medical grade polyvinyl chloride, etc. When a catheter is inserted into the stenosed artery, the further increased impedance
or frictional resistance to flow will alter the velocity distribution. To treat arteriosclerosis in balloon angioplasty, a catheter
with a tiny balloon attached at the end is inserted into the artery. The catheter is carefully guided to the location at which
stenosis occurs and the balloon is then inflated to fracture the fatty deposits and widen the narrowed portion of the artery.
Kanai et al. [1] established analytically that for each experiment, a catheter of an appropriate size is required in order
to reduce the error due to the wave reflection at the tip of the catheter. Gunj et al. [2], Anderson et al. [3] and Wilson
et al. [4] have studied the measurement of translational pressure gradient during angioplasty. Leimgruber et al. [5] have
reported high mean pressure gradient across the stenosis during balloon angioplasty. The mean flow resistance increase
during coronary artery catheterization in normal as well as stenosed arteries has been studied by Back [6] and Back et al. [7].
Sarkar and Jayaraman [8] discussed the changed flow patterns of pulsatile blood flow in a catheterized stenosed artery. Dash
et al. [9] further studied the problem in a stenosed curved artery. Most recently, Sankar and Hemlatha [10] studied the flow
of Herschel–Bulkley fluid in a catheterized blood vessel. A review of most of the experimental and theoretical investigations
on artery catheterization with and without a stenosis has recently been presented by Srivastava and Srivastava [11]. The
mathematical model for the flow in catheterized artery corresponds to the flow through an annulus.
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Fig. 1. Flow geometry of an axially nonsymmetrical stenosis in a catheterized artery.
The research conducted in the literature on the flow through stenosed catheterized arteries has considered blood either
as a single-phase Newtonian or non-Newtonian fluid. Red blood cells are known to be responsible for many of the blood
properties and diseases [12], and consequently dominate the flow field. The single-phase classical approach provides
satisfactory tools to describe certain aspects in large arteries but fails to explain the behavior of bloodwhile flowing through
narrow vessels (of diameter ≤ 2400 µm; [13]). With increasing interest in two-phase macroscopic model of blood, it is
however regretted that no rigorous attempt, at least to the authors knowledge, has been made in the literature to observe
the effects of hematocrit on increased impedance, shear stress and other flow characteristics in stenosed catheterized
arteries. In addition, the survey of the literature on stenosed catheterized arteries indicates that the studies conducted are
mostly limited to the problem of symmetrical stenoses. In an actual situation, however, the increase in the arterial wall
thickness would not be symmetrical with respect to either axial or radial coordinate or both. To generalize the problem
further, an effort is made in the present work to study the flow of blood through an axially nonsymmetrical but radially
symmetrical stenosis when blood is represent by a two-phase macroscopic model (i.e., a suspension of red cells in plasma
(Newtonian viscous fluid)). A suitable geometry is considered such that the axial shape of the stenosis can be changed just
by varying a parameter (shape parameter) to estimate the effects of the stenosis shape. Thus, for a given shape parameter
there corresponds a stenosis geometry and vice versa. On the other hand, considering blood as an erythrocyte-plasma
(particle–fluid) suspension enables one to account for the presence of red cells in blood.
2. Formulation of the problem
Consider the axisymmetric flow of blood through a catheterized artery with an axially nonsymmetrical but radially
symmetrical stenosis. The artery is assumed to be a rigid circular tube of radius R0 and the catheter as a coaxial rigid tube of
radius R1. The artery length is assumed to be large enough as compared to its radius so that the entrance, end and special
wall effects can be neglected. The geometry of the stenosis, assumed to be manifested in the arterial segment is described
(Fig. 1) as
R(z)
R0
= 1− η[Ln−10 (z − d)− (z − d)n]; d ≤ z ≤ d+ L0,
= 1, otherwise, (1)
where (R(z), R0) are the tube radius (with, without) stenosis, n (≥2) is a parameter (called shape parameter) determining the
stenosis shape (the symmetric stenosis occurs when n = 2), L0 is stenosis length and d indicates its location. The parameter
is given by
η = (δ/R0)Ln0nn/(n−1)/(n− 1), (2)
where δ denotes the maximum height of the stenosis located at z = d+ L0/n1/(n−1), such that δ/R0  1 (Fig. 1).
Blood is assumed to be represented by a two-phase macroscopic model, that is, a mixture of plasma and erythrocytes
(red cells). Due to the complicated structure of blood and the circulatory system, to analyze the problem in an exact manner
seems to be a formidable task. Thus, under the simplified assumptions along with their justifications [13], the equations
describing the steady flow of a two-phase macroscopic model of blood may be expressed as
(1− C)ρf
{
uf
∂uf
∂z
+ vf ∂uf
∂r
}
= −(1− C) ∂p
∂z
+ (1− C)µs(C)∇2uf + CS(up − uf ), (3)
(1− C)ρf
{
uf
∂vf
∂z
+ vf ∂vf
∂r
}
= −(1− C) ∂p
∂r
+ (1− C)µs(C)
(
∇2 − 1
r2
)
vf + CS(vp − vf ), (4)
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1
r
∂
∂r
[r(1− C)vf ] + ∂
∂z
[(1− C)uf ] = 0, (5)
Cρp
{
up
∂up
∂z
+ vp ∂up
∂r
}
= −C ∂p
∂z
+ CS(uf − up), (6)
Cρp
{
up
∂vp
∂z
+ vp ∂vp
∂r
}
= −C ∂p
∂r
+ CS(vf − vp), (7)
1
r
∂
∂r
[rCvp] + ∂
∂z
[Cup] = 0, (8)
with ∇2 = (1/r)∂/∂r(r∂/∂r) + ∂2/∂z2 as Laplacian operator, r (R1 ≤ r ≤ R0) and z are the cylindrical polar coordinate
system with z measured along the tube axis and r perpendicular to the axis of the tube. (uf , up) and (vf , vp) are the axial
and radial components of the (fluid, particle velocity), ρf and ρp are the actual density of the material constituting the fluid
(plasma) and the particle (erythrocyte) phases, respectively, (1− C) ρf is the fluid phase and Cρp is particle phase densities,
C denotes the volume fraction density of the particles, P is the pressure, µs(C) ' µs is the mixture viscosity (apparent or
effective viscosity), S is the drag coefficient of interaction for the force exerted by one phase on the other, and the subscripts
f and p denote the quantities associatedwith the plasma (fluid) and erythrocyte (particle) phases, respectively. The pressure
gradients have been assumed to be same for the two phases (fluid and particle) which is true in most of the practical
situations [14,13]. The concentration of the particles is considered to be small enough as to neglect the field interaction
among them [12]. The volume fraction density of the particles, C is chosen to be constant which is a good approximation for
the low concentration of small particles [15,16].
The expressions for the viscosity of suspension,µs and the drag coefficient of interaction, S for the present problem have
been chosen [11,12] as
S = 4.5(µ0/a20)
4+ 3[8C − 3C2]1/2 + 3C
(2− 3C)2 (9)
µs ∼= µs(C) = µ◦1−mC ,
m = 0.07 exp
[
2.49C +
(
1107
T
)
exp(−1.69C)
]
, (10)
whereµ0 is the plasma viscosity, a0 is the radius of a red cell and T is measured in absolute scale of temperature (K), Eq. (9)
derived by Tam [17], represents the classical stokes drag for small particle Reynolds number. The empirical relation for the
suspension viscosity, µs suggested by Charm and Kurland [18], is found to be reasonably accurate up to C = 0.6 (i.e., 60%
hematocrit). Charm and Kurland [18] tested Eq. (10) with a cone and plate viscometer and found it to be in agreement with
in 10% in the case of blood.
To obtain the solution of Eqs. (3)–(8) seems to be a very difficult task due to the non-linearity of convective acceleration
terms. Depending on the size of the stenosis [19], however, certain terms in these equations are of less importance
than others. Considering thus the case of a mild stenosis, under the conditions [20]: δ/R0  1, Re(δ/L0)n1/(n−1) 
1, R0n1/(n−1)/L0 ∼ 0(1), Eqs. (3)–(8) are simplified to
(1− C)dp
dz
= (1− C)µs
r
∂
∂r
(
r
∂
∂r
)
uf + CS(up − uf ), (11)
C
dp
dz
= CS(uf − up). (12)
The boundary conditions are
uf = 0 on r = R(z),
uf = 0 on r = R1. (13)
Conditions (13) are the standard no slip conditions at the artery and catheter walls, respectively.
3. Analysis
The straightforward integration of Eqs. (11) and (12) subject to the boundary conditions (13), yields the following
expressions for the velocity profiles, uf and up as
uf = − R
2
0
4(1− C)µs
dp
dz
{(
R
R0
)2
−
(
r
R0
)2
− [(R/R0)
2 − (R1/R0)2]
log(R1/R)
log
( r
R
)}
, (14)
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up = − R
2
0
4(1− C)µs
dp
dz
{(
R
R0
)2
−
(
r
R0
)2
− [(R/R0)
2 − (R1/R0)2]
log(R1/R)
log
( r
R
)
+ 4(1− C)µs
SR20
}
. (15)
The flow flux, Q is thus calculated to
Q = 2pi
∫ R
R1
r[(1− C)uf + Cup]dr
= piR
4
0[(R/R0)2 − ε2](dp/dz)
8(1− C)µs
{(
R
R0
)2
+ ε2 − [(R/R0)
2 − ε2]
log[(R/R0)/ε] + β
}
, (16)
with β = 8C(1− C)µs/SR20, a non-dimensional suspension parameter and ε = R1/R0.
From Eq. (16), one now obtains the expression for the pressure drop,1p (= p at z = 0,−p at z = L) across the stenosis
as
1p =
∫ L
0
(
−dp
dz
)
dz = 8(1− C)µsQ
piR40
∫ L
0
φ(z)dz, (17)
with
φ(z) = 1
/{(
R
R0
)2
− ε2
}{(
R
R0
)2
+ ε2 − [(R/R0)
2 − ε2]
log[(R/R0)/ε] + β
}
.
Following Srivastava [12], one derives the expressions for the impedance (flow resistance), λ¯ and wall shear stress, τ¯R
and the shear stress at the stenosis throat, τ¯s as
λ¯ = 1p
Q
= 8(1− C)µs
piR40
ψ, (18)
τ¯R = −R2
dp
dz
= 4(1− C)µsQ
piR30
(
R
R0
)
φ(z), (19)
τ¯s = 4(1− C)µsQ (1− δ/R0)
piR30[(1− δ/R0)2 − ε2]
[
(1− δ/R0)2 + ε2 − [(1−δ/R0)2−ε2]log[(1−δ/R0)/ε] + β
] , (20)
where
ψ =
∫ L
0
φ(z)dz
=
∫ d
0
[φ(z)]R/R0=1dz +
∫ d+L0
d
φ(z)dz +
∫ L
d+L0
[φ(z)]R/R0=1dz. (21)
The first and the third integrals in the expression for ψ (Eq. (21)) are straight forward whereas the analytical evaluation
of the second integral is a formidable task. One thus obtains the final expression for flow resistance, λ wall shear stress, τR
and shearing stress at the stenosis throat, τs in their non-dimensional form as
λ = (1− C)µ1− L0/L

+ 1
L
∫ d+L0
d
dz
{(R/R0)2 − ε2}
{
(R/R0)2 + ε2 − (R/R0)2−ε2log[(R/R0)/ε] + β
} , (22)
τR = (1− C)µ(R/R0){(R/R0)2 − ε2}
{
(R/R0)2 + ε2 − [(R/R0)2−ε2]log[(R/R0)/ε] + β
} , (23)
τs = (1− C)µ(1− δ/R0){(1− δ/R0)2 − ε2}{(1− δ/R0)2 + ε2 − [(1− δ/R0)2− ε2]/ log[(1− δ/R0)+ ε] + β} , (24)
where
λ = λ¯/λ0, τR = τ¯R/τ0 , τs = τ¯s/τ0 , µ = µs/µ0,
λ0 = 8µ0L/piR40, τ0 = 4µ0Q/piR30, Ω = (1− ε2){1+ ε2 + (1− ε2)/ log ε + β},
λ0 and τ0 are resistive impedance and wall shear stress, respectively for an uncatheterized normal artery (no stenosis) in
the absence of the particle phase (C = 0).
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Fig. 2. Variation of impedance, λwith stenosis size, δ/R0 for different ε, n and C .
In the absence of the catheter (i.e., under the limit ε → 0), one derives the expressions for λ, τR and τs respectively for
the flow of a macroscopic two-phase model of blood through an axially nonsymmetrical stenosis as
λ = (1− C)µ
{
1
1+ β
(
1− L0
L
)
+ 1
L
∫ d+L0
d
dz
[(R/R0)4 + β(R/R0)2]
}
, (25)
τR = (1− C)µ
(R/R0)3 + β(R/R0) , (26)
τs = (1− C)µ[(1− δ/R0)3 + β(1− δ/R0)] . (27)
In addition, in the absence of the erythrocyte phase (i.e., C = 0), the results obtained in Eqs. (24)–(26) assume the form
λ = 1− L0
L
+ 1
L
∫ d+L0
d
dz
(R/R0)4
, (28)
τR = 1
(R/R0)3
, (29)
τs = 1
(1− δ/R0)3 , (30)
which correspond to the results obtained in [21] for Newtonian fluid case.
4. Numerical results and discussion
Computer codes are now developed to evaluate the analytical results obtained in Eqs. (24)–(26) at the temperature
of 25.5 ◦C in order to observe the influence of the various parameters involved in the study quantitatively. Some of the
critical results are displayed graphically in Figs. 2–9. The parameter values are selected [19,6,21,12] as 2ao (diameter of an
erythrocyte) = 8 µm ; C (hematocrit %) = 0, 0.2, 0.4, 0.6; R0 (radius of normal artery) = 0.01 cm; δ/R0 (non-dimensional
stenosis height) = 0, 0.05, 0.10, 0.15, 0.20; L0 (stenosis length, cm) =1; L (artery length, cm) =1, 2, 5; ε (non-dimensional
catheter radius) = 0, 0.1, 0.2, 0.3, 0.4, 0.5, 0.6. The present study corresponds to the symmetrical stenosis case, to the
macroscopic two-phase model of blood flow through an uncatheterized artery with a nonsymmetrical stenosis [22], to
the flow through a normal catheterized artery [11] and to the flow of a single-phase Newtonian viscous fluid for parameter
values [21], n = 2, ε→ 0, δ/R0 = 0 and C = 0, respectively.
In both the catheterized and uncatheterized arteries, the resistive impedance, λ increases with the stenosis height, δ/R0
and also with the Hematocrit, C . However, the blood flow characteristic, λ decreases with increasing value of the shape
parameter, n and attains its maximal magnitude in symmetric stenosis case (n = 2) for any set of other parameters fixed.
One notices that the presence of the catheter causes further significant increase in the magnitude of the flow resistance, λ
in addition to that has occurred due to the arteriosclerosis (Fig. 2). For any given set of other parameters the impedance is
found to be increasing with the stenosis length, L0 (Fig. 3). It is noticed that the resistive impedance, λ steeply increases with
hematocrit, C (Fig. 4). For any given stenosis size (height, δ/R0 and length, L0), the shape parameter, n and the hematocrit,
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Fig. 3. Variation of impedance, λwith stenosis size, δ/R0 for different n, C and L0/L.
Fig. 4. Variation of impedance, λwith hematocrit, C for different ε, and n.
C; the resistive impedance, λ steeply increases with catheter size, ε for small values (≤ 0.25) but increases rapidly for high
values (≥ 0.25) and assumes a very high asymptotic magnitude at about the catheter size half of the artery size (Fig. 5).
Thewall shear stress distribution, τR in the stenotic region increaseswith the axial distance in the upstreamof the stenosis
throat and attains its maximum magnitude at the throat, it then decreases in the down stream of the throat and achieves
the magnitude at the end point of the constriction profile (z/L0 = 1) same as its approached value at z = 0 for any given
set of parameters in both the catheterized and uncatheterized arteries. The flow characteristic, τR decreases with increasing
shape parameter, n in the upstream of the throat but this property reverses in the downstream. One notices that even a
small increase in the catheter size, ε significant increase in the magnitude of the wall shear stress, τR occurs. As expected τR
increases with hematocrit, C for other parameters fixed (Fig. 6).
The shear stress at the stenosis throat, τs (independent of the shape parameter, n) increases with the stenosis height,
δ/R0 in an uncatheterized artery but decreases with the stenosis height, δ/R0 in a catheterized artery (Fig. 7). It is to note
that the shear stress at throat, τs assumes reasonably lower magnitude in a catheterized artery than its corresponding value
in an uncatheterized artery (Fig. 8).
Contrary to the variation of impedance, λ with catheter size, ε (λ increases with ε), the blood flow characteristic, τs
decreases with increasing catheter size, ε and attains a low asymptotic magnitude at about catheter size half of the artery
size (Fig. 9).
Numerical results reveal that the two-phase fluid is more sensitive to stenosis as well as to the catheter than a single-
phase fluid. The resistive impedance to the two-phase fluid (C = 0.4) created by a 19% (i.e., δ/R0 = 0.1) stenosis by area
reduction is even higher than a single-phase fluid (C = 0) created by 28% (i.e., δ/R0 = 0.15). Although, the effect of a
mild stenosis on the gross flow characteristic is small, the present two-phase macroscopic study shows that even a mild
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Fig. 5. Variation of impedance, λwith catheter size, ε for different n and C .
Fig. 6. Wall shear distribution τR in the stenotic region for different ε, C and n.
stenosis increases the resistive impedance significantly with an increase in hematocrit. However, the percentage increase
in the magnitude of the flow resistance in a catheterized artery with hematocrit, C is much higher than the corresponding
percentage increase in the flow resistance in an uncatheterized artery. The condition that δ/R0  1 limits the usefulness of
the present study to very early stages of the vessel constriction, which allows the use of fully developed flow equations and
closed form solutions; the use of parameter δ/R0 is restricted to the value up to 0.15 as beyond this value a separation in
the flow may occur [12]. The justifications for the use of the two-phase equations in the present work are given in [13,15],
rigid wall assumption in [23,24] and the validity of steady flow model in [19,25]. These are therefore not repeated here for
the Sake of further discussion. Finally, in view of the stenosis geometry, an axially nonsymmetrical stenosis corresponds to
some value of the shape parameter, n. Numerical results further reveal that the resistive impedance assumes an asymptotic
magnitude at about n = 11, which in turn implies that no significant change in the flow would occur beyond this value
of n. Also, as n increases, the axial position of the throat approaches to the end point of the constriction profile and due to
the rapid fall in the wall shear stress from its peak value at the throat to the approached value, one may anticipates the
formation of wake in the downstream of the throat. The conditions for the nonexistence of the flow separation remain the
same as discussed in [19]. These estimate a rough upper limit for the parameter value n (i.e., n = 11).
5. Conclusions
To observe the effects of hematocrit and the stenosis shape on increased impedance and other flow characteristics
during the artery catheterization, a two-phase macroscopic model of blood has been applied to discuss the flow through
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Fig. 7. Variation of shear stress at stenosis throat, τS with δ/R0 for different ε and C .
Fig. 8. Variation of shear stress at stenosis throat, τS with δ/R0 for different ε and C .
a nonsymmetrical stenosis in a narrow catheterized artery. The estimate of increase in the flow resistance and the wall
shear stress due to the presence of the catheter in addition to one due to the presence of a stenosis seems to be of certain
practical use. The impedance decreases with increasing shape parameter, which in tern implies that the increasing shape
parameter is helpful in the functioning of the diseased artery. The flow resistance assumes the high asymptotic value at about
the catheter size half of the artery size, suggests that during the artery catheterization for the treatment, the catheter size
must be chosen smaller than the half of the artery size. Although, the study has been conducted under various restrictions
and limitations, it still enables one to have an estimate of the effects of the red cells (one of the main constituents of blood
and responsible for many of its properties and the diseases) concentration on the flow characteristics, seems to be the only
one of its kind in the literature. However, consideration of a pulsatile flow and the cases of the severe stenoses are the future
scope of the study. Further careful investigations are thus suggested in order to address the problem more realistically and
to overcome some of the restrictions imposed on the present theoretical work.
Besides the above application, as pointed out in a recent paper by Medhavi and Singh [26], the study of the theory of
particulate suspension is very useful in many areas of technical importance (powder technology, fluidization, combustion,
aerosol filtration, atmospheric fallout, lunar ash flows, environmental pollution, etc.). Recently, interest is developing in
applying the particulate suspension theory to physiological flows as it provides an improved understanding of the subjects
such as diffusion of protein, the rheology of blood, the swimming of microorganism, the particle deposition on respiratory
tract, etc. The results of the present analysis in the absence of the stenosis (i.e., δ = 0), therefore obviously will be useful in
discussing the flow of a particle–fluidmixture through the annular space of two concentric circular cylinders in any physical
situation.
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Fig. 9. Variation of shear stress at stenosis throat, τS with catheter size, ε for different C .
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